We study the eleven-dimensional supergravity and the classical solutions corresponding to M2-branes ending on M5-branes. We obtain the generic BPS configuration representing two sets of parallel M5-branes with (1 + 1) commonly longitudinal directions and M2branes stretching between them. We also discuss how the brane creation is described in supergravity.
Introduction
Branes or the spatially extended solitons play the central role in the study of string theory or M-theory. They are known to form a variety of bound states, and the corresponding classical solutions should exist in the effective supergravity theories. However, a difficulty arises in constructing classical solutions corresponding to the bound states of intersecting branes. The solutions for two intersecting branes has been found only when one of the two branes are smeared along the directions longitudinal to the other [1, 2] . (There are a few exceptions such as [3] or [4] ) In this paper we try to obtain the solutions for localized branes intersecting one another.
In this paper we shall work in the eleven-dimensional supergravity [5] . It contains a threeform potential besides the graviton and the gravitino, and M2-branes and M5-branes are the electric and magnetic sources of the potential. The presence of a single BPS M2-brane or M5-brane preserves a half of supersymmetry. An M2-brane and an M5-brane are known to form a 1/4-supersymmetric bound state when they intersect on a string. It is also believed that an M2-brane can end on an M5-brane. In this case the M2-brane is "open" and has a (1+1)-dimensional boundary on the M5-brane.
In the following we shall find the generic BPS configuration corresponding to the bound states of M2-branes(012), M5-branes(013456) and M5-branes(01789♮). The numbers specify the directions the branes are lying along, and we denoted the eleventh direction by ♮. The analysis of the BPS condition δ SUSY ψ m = 0 is performed in section 2 for spherical symmetric configurations, and the result is fully generalized in section 3. The resultant expression depends on three arbitrary functions of x 2,3,...,9,♮ . These functions have to satisfy the equations of motion given in section 4 in order to describe a bound state of localized(delta-functional) branes. They are not solved, but we show that if the M5-branes are localized, the boundaries of M2-branes stretching between them are automatically localized. We also propose in section 5 an idea for understanding the brane creation in supergravity.
Analysis of the BPS Condition
Here we analyze the BPS condition under the assumption of spherical symmetry. The solution is summarized in (23) and (24), and the following arguments help the reader to understand to what extent the result is general.
We parameterize 01-directions by t, σ, 2-direction by x 2 , 3456-directions by x 1 , θ I , φ I , ψ I and 789♮-directions by x 3 , θ II , φ II , ψ II . We assume the following form for the metric:
where ̟ 1,2,3 are linear combinations of dx 1,2,3 with coordinate-dependent coefficients. We define the vielbein as follows:
e t = g 0 dt ; e 1 = g 0 ̟ 1 ; e θ I = g I dθ I ; e θ II = g II dθ II e σ = g 0 dσ ; e 2 = g 0 ̟ 2 ; e φ I = g I cos θ I dφ I ; e φ II = g II cos θ II dφ II e 3 = g 0 ̟ 3 ; e ψ I = g I sin θ I dψ I ; e ψ II = g II sin θ II dψ II Hereafter we denote local Lorentz indices with underbar. Under the spherical symmetry, the most generic form for the four-form field strength is given by:
Here the overall factor g −1 0 in the second line is simply for later convenience. To obtain supersymmetric solutions we have to focus on the supersymmetry transformation law of gravitino
and find field configurations that admit δ ǫ ψ m = 0 for some nonzero ǫ. Here and throughout this section we use "mostly Hermitian" Gamma matrices satisfying
Let us evaluate (3) term by term. To begin with, the covariant derivative of a spinor is defined by
where Ω pq = dx m Ω mpq is the spin connection. Under the assumption of spherical symmetry we can obtain some components of the spin connection from the torsion-free condition alone:
The only nonzero components of Ω mnp except for those with (m, n, p = 1, 2, 3) are
Using these expressions we can rewrite the BPS condition δ ǫ ψ m = 0 in the following way:
Here we have introduced a set of new gamma-matrices
and used some short-hand notations
γ 0 and γ 5 are anti-hermitian while γ 1,2,3 are hermitian. We also assumed in the above that ǫ does not depend on t and σ.
We would like to obtain the bosonic field configuration that satisfies the BPS condition δ ǫ ψ m = 0 with the following ǫ:
where f (x i ) is a scale factor, U I,II are two mutually commuting local Lorentz transformations and ǫ 0 is a constant spinor. We also assume that the residual supersymmetry is characterized by
We can rather easily find the solution of the angular equation (6) satisfying also (11). It is given by the following U I and U II :
These local Lorentz transformations are understood as relating the polar frame (where Γ t,σ,1,...,ψ II are coordinate independent) to the orthonormal frame (where Γ 0,1,...,♮ are coordinate independent). The remaining equations (7) determine the dependence on the coordinates x 1,2,3 . Using (10) and (11) we can rewrite them as follows:
The first equation (13) determines the scale factor of ǫ as follows:
The next equations (14) and (15) relate the components of the spin connection and the gauge field strength:
Since the torsion-free condition (5) relates the spin connection to the vielbein, the above relations allow us to express the components of the gauge field strength in terms of the vielbein. The most elegant way is:
The most convenient choice of coordinates that is compatible with the above would be
The next equations (16) enable us to express g 0,I,II in terms of the components of ̟ i . A careful analysis of them with the help of (18) and (19) yields that g I h 1 g 0 depends only on x 1 , and similarly g II h 3 g 0 depends only on x 3 . Using the diffeomorphism degrees of freedom we can therefore set
Using the above relation we then find g 0 g I g II = x 1 x 3 . Hence
The equations (16) also yield the following equations
Hence we put
Thus the most generic solution of the BPS condition with spherical symmetry is summarized as follows:
Here D 1 and D 3 are the "coordinate covariant derivatives" defined as follows:
These are obviously invariant under the change of the coordinate
. This is a residual diffeomorphism symmetry, and owing to this symmetry we may parameterize the 2-direction by any of X, Y, Z.
Generalization
From the previous result (23), (24) we can guess the expression for more general solutions without spherical symmetry. It is expressed by three arbitrary functions X, Y, Z of x 2,3,...,♮ as follows:
i, j, k, l = (3, 4, 5, 6) , p, q, r, s = (7, 8, 9, 10) .
The coordinate covariant derivatives are defined as follows:
We can safely say that the above expression is the most generic BPS configuration, because it is the unique generalization of the most generic spherical symmetric configuration obtained in the previous section. We would like to note here again that one of X, Y, Z is a residual diffeomorphism degree of freedom.
Equation of Motion
The equation of motion in the absence of the source is given by
A careful analysis of these equations shows that, under the assumption of the BPS condition some of the above equations turn out equivalent. The result is that the solution of (27) automatically satisfies (28). Therefore we concentrate on (27) in the following.
In the presence of the source the equation of motion is modified as
BPS condition now relates the components of the stress tensor to the components of j 5 and j 8 . Our generic BPS configuration (25), (26) has the following currents:
where the three functions f [M 2,M 5,M 5 ′ ] are defined as follows:
These encode the position of the sources. The source-free equations of motion are hence given by
If both M5-branes and M5'-branes are present, they possibly bend each other. However, bending of branes is a notion that depends on the choice of coordinates. We may say that there is no bending effects if we can find in a natural way a coordinate frame in which both M5 and M5'-branes are flat. But the following consideration leads us to conclude that this is not the case.
Looking at the expressions for currents carefully, one finds that the fourth and the fifth terms in j 8 of (31) correspond to M2-brane charges with Euclidean worldvolume. Hence it is reasonable to require them to vanish even in the presence of the source. We therefore impose the following condition:
This is equivalent to saying that f [M 5] is a function of (x p , X) and f [M 5 ′ ] is a function of (x i , Y ). Under the above condition the currents take the following simple form:
The classical solution for some isolated M5 and M5'-branes is thus obtained by solving
The solution corresponds to the system of M5-branes of charge Q j at (X, x p ) = (a (j) 2 , a (j) p ) and M5'-branes of charge Q ′ j at (Y, x i ) = (b (j) 2 , b (j) i ). We find that M5-branes are flat in x 2 = X frame while M5'-branes are flat in x 2 = Y frame. Hence we conclude that the M5-branes and M5'-branes in general bend each other.
Choosing one of X, Y, Z as the x 2 -coordinate we can regard (34) as two equations for two unknown functions. They are nonlinear and highly complicated equations, (X, Y, Z) appearing as coordinates as well as functions. Moreover the solution of (34) must not be unique because there is a freedom to put an arbitrary number of M2-branes. At present the generic solution for them is not known. An analysis was made [6] under the assumption
It is known that the equations of motion are reduced to the following linear differential equations:
